This paper is a second part of our study of the Discrete Polyharmonic Cubature Formulas on the disc. It completes our study and provides a satisfactory cubature formula in terms of precision and number of evaluation points (coefficient of efficiency of the formula).
Introduction
The present paper is a continuation of paper [43] , where we have provided a Discrete Polyharmonic Cubature Formula for integration of functions multiplied by a weight on the disc. The main merit of this formula is that unlike majority of research in the area, we provide constructive error bounds. However an issue arises with the number of evaluation points. In the present paper we show how to solve this issue by using spline approximation methods. This approximation increases the error of the evaluation of the integral but it is again under control and we show that it is a reasonable compromise which gives much better result compared to the alternative methods. We decided to provide a separate presentation of the spline version of the Discrete Polyharmonic Cubature Formula, which we call here Hybrid Discrete Polyharmonic Cubature Formula, in order not to overburden the attention of the reader of the original paper [43] . We will rely upon the notations and definitions provided in [43] .
As in [43] , we consider numerical evaluation of integrals of the type
where w (x) is a (not necessarily non-negative) weight function on the disc D R in the plane R 2 . As in [43] we provide experiments with the weight functions w (1) (x, y) = 1 + x x 2 + y 2 and w (2) (x, y) = |y| .
We provide the experiments in a form facilitating comparison with the results in [43] . For completeness of notations in the present paper, we repeat the main formulas used in the previous paper [43] w (k,ℓ) (r) Y (k,ℓ) (ϕ) .
2. Orthonormalized spherical harmonics are defined by
Y (k,1) (ϕ) = 1 √ π cos kϕ and Y (k,2) (ϕ) = 1 √ π sin kϕ.
for integers k ≥ 1. Then Y (k,ℓ) is an orthonormal system for k ≥ 0, ℓ = 1, .., a k , where a k = 2 for k ≥ 1, and a 0 = 1.
3. The (k, ℓ)-th Fourier coefficient of a complex-valued continuous function f re iϕ is given by
4. The corresponding Fourier series of f is
5. The Fourier series of a polynomial P (x) is of a very special form: there exist polynomials p (k,ℓ) and a number N ≤ deg P (x) such that
the representation (8) is called Gauss decomposition or Almansi expansion of a polynomial p.
6. Hence, the Fourier coefficient p (k,ℓ) (r) of a polynomial P (x) is of the form
7. The integral (1), in polar coordinates, becomes
f (r cos ϕ, r sin ϕ) · w (r cos ϕ, r sin ϕ) · rdrdϕ.
We obtain
9. For the constant weight function w (x, y) = 1 = √ 2πY (0,1) one obtains simply
10. We shall assume that each function w (k,ℓ) (r) does not change the sign over the interval [0, R] , a property which we call pseudo-definiteness
11. By the Almansi formula (8), (9) , and a change of the variable ρ = r 2 , the onedimensional integrals in (10) used for computing I w (p) are equal to
12. Assuming 12 to the integral (13) with measure ρ k/2 w (k,ℓ) √ ρ , we apply the Npoint Gauss-Jacobi quadrature: we obtain the nodes t 1,(k,ℓ) < ... < t N,(k,ℓ) and the weights λ 1,(k,ℓ) , ..., λ N,(k,ℓ) which are either all positive or all negative. Due to the exactness of the Gauss-Jacobi quadrature for any integer 0 ≤ s ≤ 2N − 1 we obtain the equalities
13. Hence, for a polynomial f, for which deg f (k,ℓ) ≤ 2N − 1 for all (k, ℓ), by using the Gauss-Jacobi quadrature (14) , the integral (10) becomes
where we have put
14.
As the values f k,ℓ t j,(k,ℓ) are Fourier coefficients, they can be approximated by means of Discrete Fourier transform of the function f. Thus for every two integers K, M ≥ 0 we introduced the Discrete Polyharmonic Cubature with parameters (N, M, K) in the paper [43] , by putting
where the Discrete Fourier transform is given by
15. Its coefficients (weights)
have varying signs but they satisfy the following remarkable inequality
where we have assumed that the weight w satisfies
This inequality is proved in [43] , by an application of the famous Chebyshev extremal property for the Gauss-Jacobi quadrature:
16. Let us note that formula (18) needs (2K − 1)·N ·M evaluation points. The coefficient of efficiency of a cubature formula may be introduced in the following way (see e.g. [66] ): If n is the number of nodes of the quadrature, m is the number of linearly independent functions which are integrated exactly, and d is the dimension of the Euclidean space, then the coefficient E is defined as
.
For Gaussian quadratures in one dimension, E is obviously equal to 1. For the Discrete Polyharmonic Cubature formula (17) we need precisely (2K − 1) · N · M sampling points -hence 2 coordinates for every point and 1 coefficient. On the other hand, as we have seen in [43] , the subspace of exactness of formula (17) has dimension 2N × (2M − 3 − 2K), hence the efficiency coefficient of the Discrete Polyharmonic Cubature formula is
which is much less than 1, hence is prettily bad. The main purpose of the present paper is to show how by using spline approximation and sacrificing some precision, it is possible to reduce the number of point evaluations which will improve essentially the coefficient E, by making it very close to 1.
Now we come to the main point of the present paper.
Since the point evaluations of a function f can be very costly, it is of advantage to reduce their number by sacrificing some precision. There are simple ways to decrease essentially the number of evaluation points, e.g. by applying spline approximation to the coefficients f (k,ℓ) t j,(k,ℓ) . For example, let us assume that for some integer N 1 ≥ 1, we are given the radii R j , j = 1, 2, ..., N 1 with 0 < R 1 < R 2 < · · · < R N 1 ≤ R, and the N 1 × M functional values be given as well:
f R j e iϕs for s = 1, 2, ..., M, and j = 1, 2, ..., N 1 .
Thus we will have only N 1 × M sampling points of the function f which is the usual framework for the cubature formulas. Then, by formula (19), we will find the Discrete Fourier transform approximation f
, and we may use interpolation splines
The resulting formula introduced below is termed (Spline) Hybrid Discrete Polyharmonic Cubature formula (24) .
As with the experiments in [43] , the experiments with formula (24), show excellent performance. This is due to the fact that we are able to control the error bounds of formula (24), where we now have the parameter N 1 , for the knot evaluations, see Theorem 3 below.
The plan of the paper is the following: In Section 2 we define the spline based Hybrid Discrete Polyharmonic Cubature and provide error bounds for it.
In Section 3 we provide experimental results for the discrete polyharmonic cubature with respect to the first weight function w (1) in (2) . Section 4 contains experimental results for the second weight function w (2) .
The Hybrid Polyharmonic Cubature formula
Let let us assume that on the two-dimensional disc B R of radius R, the values of the function f (x) , x ∈ B R ⊂ R 2 are given on a regular grid: We assume that the integers N 1 and M are fixed in advance, where M is odd. Then we consider the concentric circles with radii R j , for j = 1, 2, ..., N 1 , with 0 = R 0 < R 1 < R 2 < · · · < R N 1 = R, and we assume that the values of the function f are given:
The value f k,ℓ (r) at the knot r = 0 is determined from the following arguments: In the case of k ≥ 1, by Proposition 1 in [9] , we know that if the function
Hence, we will put also f
On the other hand, we see by formulas (4), (6) that the very first coefficient satisfies
hence, we will have
is a vector, we will denote by
the value at r, 0 ≤ r ≤ 1, of the interpolation cubic spline with knots {R j }
j=0 , which satisfies the not-a-knot boundary conditions, see Proposition 1 below. If we denote by S m (r) the not-a-knot interpolation spline which satisfies
(where δ denotes the Kronecker symbol) then we obtain the representation for the data V, given by
The idea is now to approximate the values f
at the nodes 0 = R 0 < R 1 < R 2 < · · · < R N 1 = R. Thus, from the Discrete Polyharmonic Cubature with parameters (N, M, K) defined in (17) , after substituting f
we obtain the Hybrid Polyharmonic Cubature formula:
Obviously, we have the equalities:
The last formula (25) shows that I spline (N,M,K,N 1 ) (f ) is a cubature formula in the usual sense, having N 1 · M nodes.
Let us note that formula (25) has the same knots as the Midpoint cubature rule, see [43] .
Let us put h := max
Then the error bound for not-a-knot spline is given in the following Proposition.
Assume that the knots of the interpolation are a =
be the not-a-knot intepolation cubic spline, i.e. the C 2 piece-wise cubic polynomial function which satisfies the interpolation conditions
and the not-a-knot conditions at the two penultimate knots:
Then the error in the interpolation satisfies
where the constant C r is independent of the function g and the size of the grid h.
For the proof we refer to [12] and [10] , inequality (2.1).
Remark 2
The proper value of the constant C 0 above may be estimated by the some arguments, provided in [18] , p. 422, and Theorem 4.4.8 therein. Thus the value as provided in Theorem 4.4.8 [18] , seems to be a reasonable approximation:
Now we may prove the following main theorem. 
Here C > 0 is the constant C 0 , independent of the function f and the parameter h, as provided by Proposition 1.
Proof. In order to find the error bound of this approximation we recall that for every r with 0 ≤ r ≤ R we have by definition (19) ,
By the linearity of the spline interpolation, for every r with 0 ≤ r ≤ R we obtain
By Proposition 1 we obtain the inequality:
Hence, from (27) we obtain the inequality
Finally, we obtain the final result:
By applying inequality (22) we finish the proof.
Remark 4 From the proof above we see that there is an alternative way to understand our scheme of obtaining the Hybrid Polyharmonic Cubature formula (24): we approximate the values of the function f t j,(k,ℓ) e t j,(k,ℓ) , and we use this ap-
. We see that numerically, the original scheme is more space-saving since we do not need to keep the approximations to the set of values
In our experiments below we have chosen for simplicity
and we see that
L∞(D R)
As proved in the following corollary, the Hybrid Polyharmonic Cubature formula (24) is approximately exact for the same subspace of polynomials of the type r 2s r k Y (k,ℓ) (ϕ) which was considered in [43] .
Corollary 5 For functions
.., a k , and for R j given by (28) we have the estimate
where C is the constant provided by Proposition 1.
Remark 6
We see that for the weight w (1) we have, (2),
hence,
For the weight w (2) we obtain
Hence,
Corollary 5 shows that for R = 1, N 1 ≈ 10, and C ≈ Hence, we may consider that the coefficient of efficiency of the cubature formula
We see that if we choose N 1 ≈ N, and the Fourier approximation parameter K is given, then in order to make E ≈ 1 we have to choose
However, unlike the references [65] , [66] , we have to take care of the error bounds which depend on the derivatives of the functions f and the asymptotic properties of the weight functions w (k,ℓ) , hence we have to make even a more careful choice of the parameters M and K.
3 Experimental results for the weight function w (1) (x, y)
As in [43] , we test the Hybrid Polyharmonic Cubature formula for integrals of the type
first for the weight function
We consider for our experiments three test functions:
f 2 (x, y) = cos (ax + by) for a = 10 and b = 20.
The first test function f 0 is a polynomial of degree 4, the second f 1 is not smooth at 0 and the last one f 2 is of oscillatory type.
Results for the Hybrid Polyharmonic Cubature Formula
As in [43] , the number M of points on the circles is choosen to be equal to 9, 25, 63, 83 and the number N of concentric circles is chosen to be equal to 10, 15, 25, 35, 50. The Gauss-Jacobi quadrature rules are with N 1 = N points. We have the exact values given by which implies that the function g = f 1 w (1) has no terms g (k,ℓ) (r) with k ≥ 4; hence, the interpolation cubic splines of the polynomials g (k,ℓ) (r) r coincide with them. For the oscillatory test function f 2 we obtain 4 Experimental results for the weight function w (2) (x, y)
As in [43] , we consider the second weight function:
We have its orthonormalized Fourier coefficients:
5 Results for the Hybrid Discrete Polyharmonic Cubature
As in [43] , we consider the test functions 
Conclusions
The comparison with the results in [43] shows that the Hybrid Polyharmonic Cubature Formula provides a satisfactory tradeoff between precision and number of evaluation points.
